ABSTRACT. A global formula for Poisson brackets on reduced cotangent bundles of principal bundles is derived. The result bears on the basic constructions for interacting systems due to Sternberg and Weinstei n and on Poi,sson brackets i nvol ving semi -direct products for fluid and plasma systems. The formula involves Lie-Poisson structures, canonical brackets, and curvature terms.
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Richard Montgomery, Jerrold Marsden and Tudor Ratiu behind their occurrence is now well-understood for examples whose underlying configuration space is a Lie group such as the heavy top, compressible fluids and MHO (see Marsden, Ratiu and Weinstein [1983J and Ratiu' s lecture in these proceedings). However, semi-direct products occur in somewhat more mysterious ways as well; for example in the last section of Marsden, Ratiu and Weinstein [1983J, it is observed that in momentum representation the brackets for the Maxwell-Vlasov equations and for multifl~id plasmas, involve semi-direct products. This paper in fact began on the road to Boulder as an attempt to better this understanding.
The third motivation is to provide a setting for understanding limits of Poisson structures and for averaging. For example,the limit c ->-00 in the Maxwell-Vlasov to Poisson-Vlasov transition can be understood as rescaling the bracke t so the moti on on the base X freezes (e 1 ectrodynami cs becomes electrostatics) leaving only Lie-Poisson motion in the fiber. The discussions and examples in Weinstein [1983J seem to be consistent with this scheme. Also, if one averages the Hamiltonian H over the fiber by the G action, then the average H drops to T*X by reduction. Hopefully, systems where fast time scales can be smeared out can be understood in this context.
As is well-known (see Kummer [1981J) , this reduction may involve a modification of the Poisson structure by magnetic (or curvature) terms, a phenomenon we shall see explicitly. In particular, we think one can understand the guiding center equations of Littlejohn [1979J in this way, as well as other situations involving averaging, such as MHO and guiding center plasmas.
In the scheme for interacting systems proposed by Sternberg [1977] , Weinstein [1978J and which reduces the study of T*B xG '?-* to the case G\T*B. (Warning. As explained in Ratiu's lecture in these proceedings, the right reduction of T*(B x H) to T*B x '6-* 5y H is not simply by projection if G acts on ~* on tile left, but it is if G actson~* on the right).
In this paper we shall describe the reduced brackets on G\T*B in both The second equality occurs because T*G right trivialized is canonically isomorphic to t.!IJ-* with its + Lie-Poisson structure. Thus, in this choice of trivialization, the Poisson structure on the Weinstein side is canonical on T*X and Lie-Poisson on ~::
The ftrst two terms denote, of course, the canonical bracket on T*X. For computational purposes later we will need to make this a bit more precise.
Assume in the trivialization that X is also a coordinate neighborhood, so without loss of generality, X is Banach space. Then T*X = X x X*, with (x,p) E X x X*.
So #X means the first partial derivative dlF(x,P,ll): 
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To defi ne a Poi sson structure on S we need a connect; on A on S. Such a connection can be viewed as an equivariant splitting of TS into horizontal and vertical vectors, or dually. as an equivariant splitting of T*S:
where Ab:TbS -+ tlJ is the connection one-form. We use this isomorphism to T*S in order to get an
If we now mod out by G, we As before, we are interested in the Poisson brackets in a local trivialization. So we will aSsume B = X x G with X a Banach space. Then B = X x X* x Gc-r*X x T*G = T*S where G is embedded as the zero section in T*G. And S = X xX* xG\(G x~)-:J X xX* x~*.
In the previous section we showed that the same trivialization induces * an identification of W with XxX xo;* also. It was shown in Montgomery [1983J that the isomorphism S ::;. W is then given by
where A is theOJ-valued one-form on X induced by the trivialization. Since this is a Poisson isomorphism we can now calculate the In a future paper a global proof will be presented. Here we will prove the formula by showing that it agrees locally with the formula given above:
In the local trivialization of the previous section, This is seen by considering F as a G-invariant function on By. tg.*, which we will denote F. Then
where h(x,p) = (x,p, -~(x) ·x) is the horizontal 1 ift of (x,p) to (x,p,e) EB. By the G invariance of F, As we have mentioned in the introduction, these formulas give, in particular, the semidirect product formulas appearing in the last section of Marsden, Ratiu and Weinstein [1983J. Details concerning this and other applications to Yang-Mills fluids and plasmas and to free boundary problems will be the subject of another publ i cation.
